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The compound Poisson risk model
[Asmussen and Albrecher, 2010]

Let (Ut)t=0 be the reserve process of an insurance company. In the
compound Poisson risk model, this process is given by:

N
U =u+ct—)Y X,
i=1
where:
@ u > 0 is the initial reserve,
@ ¢ > 0 is the premium rate,
@ the claim number process (N;)¢>0 is a homogeneous Poisson process
with intensity A,
o the individual claim sizes (Xj);>1 are positive, i.i.d. with density f and
mean p, independent of (N¢)¢>o.
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The ruin probability

We denote the time of ruin by 7 := inf{t > 0| U; < 0} € Ry U {oc}.
We are interested in the ruin probability of the process (U;)t>0 as a
function of the initial reserve:

o(u) =Pt < oo| Up = u).

Assumption (Safety Loading Condition)

Al We assume that ¢ > Au. Introducing the parameter 6 := ’\?" the
previous condition is equivalent to 8 < 1.

Under the SLC, we have ¢(u) < 1 for all u > 0.
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The Pollaczeck—Khinchine formula

Theorem

Let S(x) = P[X > x| be the survival function of the (X;)i>1. Under the

SLC, the ruin probability is given by the formula:

+00 1S9
o) = (1-0) 3 FHh(), () = o [ ¥ (x)ax
k=1 K= Ju

Corollary

The ruin probability satisfies the renewal equation:

¢p=¢*xg+h,
where g(x) = 25(x) and h(u) = 2 [F>° S(x) dx.
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Estimand and observations

We wish to estimate the ruin probability function ¢.

We assume that the premium rate c is known. The parameters A and u
may be assumed to be known or not.

Different observation setting can be considered:
@ We observe an i.i.d. sample Xi, ..., X, with distribution f.

© We observe a trajectory of the process (Ut)ic[o, 7] on the finite
interval [0, T].

© We observe discrete values (Uka )k=1.,...n Of the reserve process, where
A > 0 is the sampling interval.
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Point estimation

o [Frees, 1986] constructs a Monte-Carlo estimator of ¢(u) and shows
its consistency.

e [Hipp, 1989] constructs a plug-in estimator from the
Pollaczeck—Khinchine formula by replacing unknown quantities by
empirical ones. He proves the asymptotic normality of his estimator.

@ [Croux and Veraverbeke, 1990] use a similar estimator, but
constructed as a linear combination of U-statistics, and show its
asymptotic normality.
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Functional estimation: plug-in empirical estimator
[Pitts, 1994] [Politis, 2003]

These papers also consider a plug-in estimator using the
Pollaczek—Khinchine formula, but they study its behavior as an element of

a functional space.
Definition
Let D be the space of cadlag functions on [0, +o0]. For a > 0, let D, be

the set of functions f such that (1 + u)® f can be extended as an element
of D. We equip the space D, with the norm:

Il = Sup| (1+u)* f(u)]-

ueR
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Theorem
Let o > 0. If E[X*?] is finite, then he have:

2~ a.s.
|on — blla m 0.

Theorem

Let o/ > a > 0. IFE[X21*)] is finite, then we have in the space Dy:
I d
Vn(on—¢) —— 2,

where Z is a zero mean Gaussian process.

They use this result to obtain confidence regions for ¢.
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The Gerber—Shiu function

The Gerber—Shiu function, also called the Expected Discounted Penalty
Function (EDPF), is defined as:

6(u) = E[e™ " W(Up—, | Url) Lrcoc | Uo = 0],

where § > 0 is a discounting force of interest, and w: R%r — R, isa
penalty function.
Example

Q@ 6 =0and w(x,y) =1, ¢(u) is the ruin probability.

@ ¢ >0and w(x,y) =1, ¢(u) is the Laplace transform of 7, evaluated
at 9.

© 0 =0and w(x,y) =x+y, ¢(u) is the expected jump size causing
the ruin.
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Renewal equation

Theorem ([Gerber and Shiu, 1998])

Under Assumption A1 (SLC), the EDPF satisfies the equation:
p=9¢xg+h,

with:

+oo
g(x) = % / e MU =If(y)dy,
)\ X+oo oo
ru) =2 [ el ([T wixy — x)f(y) dy ) dx,

and ps the non-negative solution of the Lundberg equation:

cs — N1 — Lf(s)) = 4.

When § = 0, we have ps = 0 as well.
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Estimand and observations

We wish to estimate the Gerber—Shiu function ¢.

We assume that the premium rate c is known. The parameters A and p
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Different observation setting can be considered:
@ We observe an i.i.d. sample Xi, ..., X, with distribution f.

@ We observe a trajectory of the process (Ut)te[O,T] on the finite
interval [0, T].

© We observe discrete values (Uka )k=1,....n of the reserve process, where
A > 0 is the sampling interval.
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Estimation strategy in a nutshell

@ We have:

A — —X
g(x) = TE[e ],

X
h(u) = 21[‘1[(/” e Py (x, X — x) dx> 1{X>u}1,

with ps solution of cs — A\(1 — E[e™X]) = §. These quantities can be
estimated from the observations.

@ Once we have estimated g and h, we solve the equation ¢ = ¢x g+ h
to estimate ¢.

Following the work of [Comte et al., 2017] and [Mabon, 2017],

[Zhang and Su, 2018] estimate g and h by projection on the Laguerre
basis.
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Laguerre basis decomposition

The Laguerre functions (1x)ken are defined as:

K .
Vx € Ry, ’gZJk(X) = \/§Lk(2x) e %, Lk(X) = Z <_lj(> (_J—T)J
Jj=0 '

The Laguerre functions form a basis of L2(R, ). We decompose ¢, g and
h on this basis:

+o0 +oo +oo

o= at, g=> bt h=">" ckx,
k=0 k=0 k=0

ak = (¢, V), bk = (g, %), ck = (h, ¥x).
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Estimation of g and h

Assumption

A2 [oF(1 4 x) [ w(x,y — x)f(y)dy dx is finite. (= h € L?(R}))
2

A3 Let W(X) = [§ (S w(x, X = x)dx) " du. If § = 0 we assume that

u

E[W(X)] is finite, if § > 0 we assume that E[W(X)?] is finite.

The coefficients of g and h are given by:

be = 2E [ / * e (X4, () dx] ,

c 0

Ck = %E[/OX (/UX e My (x, X — X) dx) wk(u)du].
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We estimate the coefficients of g and h by empirical means:

A 1 Moex (Xi—x)
= —Ps\Ai—X
by T ;:1 /0 € ¢k(X) an

Xi
u

1 Nox )
& — —ps(x—u .
&= 7 ,-_51/0 (/ e w(x, Xi — x) dx) Yi(u)du,

with ps the non-negative solution of the empirical Lundberg equation:

For m € N, the projection estimators of g and h are:

m—1 . . m—1
Bm = biix, hm =" &k
k=0 k=0
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Bias-variance decomposition of the MISE

We quantify the quality of an estimator by its Mean Integrated Squared
Error (MISE):

Ellg — &ml?-
The MISE of an estimator can be decomposed as the sum of a bias term
and a variance term:
~ 2 ” 2
Elg — &mlf> = [lg = Ns,,(&)ll= + EHgm — s, (&)l
= dist?2(g, Sm) + Z [(bk — by) },

with Sp, == Span(tg, . .., ¥m-1).
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Proposition
Under Assumptions A1, A2 and A3, if d = 0 then it holds:

) A
Ellg — &mlt> < disti(g, Sm) + EIX],

\ )\
E|lh — hnllZ2 < dist?2(h, Sm) + 5=EIW(X)],

and if 6 > 0 then it holds:

1
A . c(N) E[X?]?
D) 2
Ellg — &mllZ2 < distiz(g, Sm) + 57 (E[X”m |

E|lh — b2 < dist?a(h, Sp) + i(A) (E[W( )+ w> 7

2T (1— 022

where C(\) =<
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Interlude: Laguerre deconvolution [Comte et al., 2017]
[Mabon, 2017]
The Laguerre functions satisfy the relation:
. 1
Vjisk €N, gy x b = 272k — Yjrkr1)-
Using this relation, one can show that if f and g are two functions on R
then their Laguerre coefficients satisfy:
1
272 (ck(g) — ck-1(8)) k=1,
c(f r8) = () + Alg). Aug) = |, (&)~ (6]
272 p(g) tk=0.

If ¢m(f) denotes the vector of the first m coefficients of f, we have:

Ag 0 0 0 O

AN Ag 0 0 0

Cm(f * g) = Gm X Cm(f), Gm = Ag Al Ao 0 0
. AO 0

Am—l Am_z AO
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Laguerre deconvolution estimator

If we use the convolution property of the Laguerre functions in the

equation ¢ = ¢ x g + h, we obtain the following relation between the
coefficients of ¢, g and h:

Cn=AnXa, < a,=A_!xcp,
with A, = Id,,, — G,,.
Assumption
A4 (bgr1 — br)ken € ﬁl(N).

Lemma

Under Assumption Al and A4, we have ||At|op < R

2
1-[gllx =~ 1-6-
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For 89 < 1 a truncation parameter, we estimate ¢ by:

m—1
b =S Bk, Am=A-lxé&n AZl:=A'1 .
¢ kz:% kK {185 oo 25 }
Proposition
Under Assumptions A1, A2, A3, and A4, if 6 < Oy then it holds:
A m
El¢ — éml|Z2 < distl2(¢, Sm) + C T

where C is a constant depending on A, c, 8, E[X], E[W(X)] and 6y — 6;
and also §, E[X?], E[W(X)?] if 6 > 0.
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The Laguerre-Sobolev spaces
[Bongioanni and Torrea, 2009]

Definition

For s € (0, +00), we define the Sobolev—Laguerre space as:

WA(Ry) = {f € L*(R+)

> (k) Kk < +oo}.

keN

Theorem ([Comte and Genon-Catalot, 2015])
Let s € Ny. A function f belongs to W*(R..) iff:

© f admits derivatives up to order s — 1, and f5=1) s absolutely
continuous;

@ Vke{0,...,s— 1}, x'7 ki (P e LA(Ry).
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Rate of convergence

Theorem

We assume A1, A2, A3, A4, and we assume that 6 < 6. If € W*(R,),
1
then choosing mept o< T T+ yields:

Ell¢ — Gmop 22 S T 5.

@ This method does not recover the rate T~ for the ruin probability.

@ The functions g and h are estimated with the rate 71, but the
deconvolution step loses a factor m in the variance term.
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Laguerre—Fourier estimator [Dussap, 2022]

Since ¢ = ¢ *x g+ h, we have F¢p =
¢ using Plancherel theorem:

= (6,0) = 5-(Fo, Fi) = 217r<1 2.

Definition

For g and h two estimators of g and h, and for 6y a truncation parameter,
we estimate ¢ by:

my— 1
, 1/ Fh

Fg = (F&)L{7z<00}-
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Proposition

Under Assumption A1 and A2, if 6 < 6y then it holds:
A . 2 A
16 = @y, 5 1lI72 < distia(@, Smy) + m”h — |t
2||Al1E: lgll?: 2
1 .
+ (1 _ 90)2(1 _ 9)2 +o0— v (0 ) H HL2

If we use the Laguerre projection estimators g, and i)m3, we obtain the
following result.

Corollary
Under Assumptions A1, A2 and A3, if 6 < 0y then it holds:

EH¢ - éml,mz,meE? < diStE2(¢a Sm1)

1
+C (distfz (8, Somy) + dist2a(h, Somy) + ?> .

V.
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Rates of convergence

Theorem
We assume A1, A2, A3, and we assume that 6 < 0y. If p € W (R,),

1
g € W2(R) and h € W=(R ), then choosing m; > T+ for all
i€{1,2,3} yields:

E”¢ - <$m1,m2,m3||fz 5 T_l-
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Conclusion and perspectives

If ¢ belongs to a Sobolev—Laguerre space of regularity greater than 1,
it is possible to estimate the EDPF with rate 71,

@ The Laguerre deconvolution method fails to recover the parametric
rate.

The absence of a bias-variance compromise raises questions about
how to perform a model selection procedure.

The Laguerre—Fourier method could be extended to more general risk
models.
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