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The compound Poisson risk model
[Asmussen and Albrecher, 2010]

Let (Ut)t>0 be the reserve process of an insurance company. In the
compound Poisson risk model, this process is given by:

N
U; = u+ct—ZX,-,
i=1

where:
@ u > 0 is the initial reserve,
@ ¢ > 0 is the premium rate,
@ the claim number process (N;)¢=0 is a homogeneous Poisson process
with intensity A,
o the individual claim sizes (X;);j>1 are positive, i.i.d. with density f and
mean ., independent of (N;)>o.
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The Gerber=Shiu function

We denote the time of ruin by 7 :=inf{t > 0| U; < 0} € R4 U {o0}.

Assumption (Safety Loading Condition)

Al We assume that ¢ > Ap. Introducing the parameter 6 := AT“ the
previous condition is equivalent to 6 < 1.

Under the SLC, we have P[T < o0] < 1.

The Gerber-Shiu function, also called the Expected Discounted Penalty
Function (EDPF), is defined as:

6(u) = B[ w(U, -, |Ur]) Lrcoe) | Uo = u],

where § > 0 is a discounting force of interest, and w: Ri — R,y is a
penalty function.
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Observations and goal

We assume that c is known but the parameters (\, p, ) of the compound
Poisson process are not. We suppose we have access to a trajectory of the
reserve process (Ut):cjo, 7] on a time interval [0, T], on which we observe:

NT and Xl, ce ,XNT.
Goal

We want to estimate the Gerber—Shiu function from the observations
(N7, X1, ..., Xny) with ¢ known but (A, i, f) unknown.
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Key result

Theorem ([Gerber and Shiu, 1998])
Under Assumption A1, the EDPF satisfies the equation:

¢=0¢*g+h,
with:

A [T
d0=g/ e PsU=f(y)dy,

)= 2 [ et (7 oy —0f) 8y ) o

and ps the non-negative solution of the Lundberg equation:

cs — A(1 = Lf(s)) = 6.

When § = 0, we have ps = 0 as well.
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Estimation strategy in a nutshell

@ We have:

g0 = TE[e X150 ,9],

A X
h(u) = CE[(/ e My (x, X — X) dx) 1{X>u}],

with ps solution of cs — A(1 — E[e_sx]) = J. These quantities can be
estimated from the observations.

@ Once we have estimated g and h, we solve the equation ¢ = ¢ x g+ h
to estimate ¢.

Following the work of [Zhang and Su, 2018], we estimate g and h by
projection on the Laguerre basis.
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Laguerre basis decomposition

The Laguerre functions (1k)ken are defined as:

k .
Vx €Ry,  he(x) =V2L(2x) e, L(x) =) (k> =

)
=N

The Laguerre functions form a basis of L?(R, ). We decompose ¢, g and h
on this basis:

+oo +oo +o0

¢ = akt, g=> bkt h=">" ckt,
k=0 k=0 k=0

ay = <¢7¢k>7 by = <g7¢k>7 Ck = <h71/}k>
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Estimation of g and h

Assumption
A2 f0+°° 1+x) [ w(x,y — x)f(y)dy dx is finite. (= he L*(Ry))

A3 Let W(X fo (fu w(x, X — x) dx) du. If 6 =0 we assume that
E[W(X)] is finite, if 0 > 0 we assume that E[W/(X)?] is finite.

The coefficients of g and h are given by:

A X
b = —E[/ e X4 (x) dX],
0

c

o = %EUOX </X e POy (x, X — x) dx> wk(u)du].
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We estimate the coefficients of g and h by empirical means:

N
. 1 -

bk=Z/ T e ) dx
cT — 0

LS~ [ [ eoten)
& — — —ps(x—u _
&= ;/0 </u e w(x, Xj — x) dx) Yi(u)du,

with ps the non-negative solution of the empirical Lundberg equation:

c NT(lZe_SX> =4

For m € N, the projection estimators of g and h are:
m—1
Bm= b, hmi=D &tr.
k=0
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Bias-variance decomposition of the MISE

We quantify the quality of an estimator by its Mean Integrated Squared
Error (MISE):

Elg —gmHEZ'

The MISE of an estimator can be decomposed as the sum of a bias term
and a variance term:

Ellg — &ml% = |lg — Ns,(8)||72 + El|&m — Ms,. (&)
m—1

= diSth(g, Sm) + Z E[(Bk — bk)z],

k=0

with Sy, == Span(vo, ..., ¥m-1).
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Proposition
Under Assumptions A1, A2 and A3, if § = 0 then it holds:

" . A
]EHg - gm“EZ < dlSth(g7 Sm) + 2_E[X]7

R )\
E|lh — hm||Z2 < dist?a(h, Sm) + ST EW(X)],

and if § > 0 then it holds:

2T 6)242

Ellg — gl < distha(g, Sm) + 22 (E[X] i UE—]

)

A . C
E|lh — Am||?2 < dist?2(h, Sm) + —

A)

(]E[W(X)] + (

where C()\) < \2.

E[W/(X)2]
1 0)262

1
2
)

v
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Interlude: Laguerre deconvolution [Mabon, 2017]
The Laguerre functions satisfy the relation:

. _1
Vi,k €N, i x e =272 (Yppk — Yjgrht1)-

Using this relation, one can show that if f and g are two functions on R
then their Laguerre coefficients satisfy:

c(f +8) = clf) = Alg). Bule) = {2 o S

If cm(f) denotes the vector of the first m coefficients of f, we have:

Ag 0 0 0 0

yAN] Ay 0 0 0

Cm(f * g) = Gm X Cm(f), Gm = AQ Al Ao 0 0
ce. A ce AO 0

Am—1 Am—2 A0
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Laguerre deconvolution estimator

If we use the convolution property of the Laguerre functions in the

equation ¢ = ¢ * g + h, we obtain the following relation between the
coefficients of ¢, g and h:

Cm=AmXan, < an=A1xcp,

with A, = Id,, — Gp,.

Assumption
A4 (bk+1 — bk)kEN S EI(N)

Lemma

Under Assumption Al and A4, we have ||A |op < 72— <

2
1-llglls = 1-6°

F. Dussap (MAP5) Nonparametric estimation of the EDPF JPS-2021 13 /19



Definition
For 69 < 1 a truncation parameter, we estimate ¢ by:

m—1
b= &, am=Alxé, Al:=A11
m ~— k Yk m - m m» m m {”A’;1”0p< 2 }
k—0 1-6g

Proposition
Under Assumptions A1, A2, A3, and A4, if 6 < 0y then it holds:

2 o m
Ell¢ — ¢m||Ez < dlSth(¢, Sm) +C T

where C is a constant depending on X\, c, 6, E[X], E[W(X)] and 6y — 6;
and also 6, E[X?], E[W(X)3?] if6 > 0.
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Laguerre—Fourier estimator

Since ¢ = ¢ x g + h, we have F¢ = 1fjﬁg. We compute the coefficients of
¢ using Plancherel theorem:

a0 = (0:0) = 5= (FonTu) = o 10 ).

Definition

For 2 and h two estimators of g and h, and for 6y a truncation parameter,
we estimate ¢ by:

Fg = (F&)1{rz<bo}-
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Proposition
Under Assumption A1 and A2, if 0 < g then it holds:

o 2 2
- .2
16— B g 3llt2 < distia(@, Sim) + T—gvz 10 = Al
2 |hl?

+¢1_%y@10y(r+gm”))u el

If we use the Laguerre projection estimators g, and /A1m3, we obtain the
following result.

Corollary
Under Assumptions A1, A2 and A3, if 0 < 0 then it holds:

EH¢ - @gm1,m2,m3||ﬁ2 < diStE2(¢a Sm1)

+C (distfz(g, Smy) + dist2 (h, Spmy) + %) .

v
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Rates of convergence

Definition

For s € (0, +00), we define the Sobolev—Laguerre space as:

Z(v,¢k>2 kS < —i—oo}.

W2 (R,) = {v € L(R,)
keN

Theorem
We assume Al, A2, A3, A4, and we assume that 6 < 0.

o Laguerre deconvolution: If $ € W*(R.), then choosing mep: Tk
yields:

Ell¢ — GmopelIZ2 S T~ 5.

o Laguerre—Fourier: If $ € W*(R,), g € W=(R,) and h € W=(R,), then
choosing m; > T ** for all i € {1,2,3} yields:

EHQS - (gmhmz,m;”EZ 5 T_l'

v
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Conclusion

© If ¢ belongs to a Sobolev—Laguerre space of any regularity, it is
possible to estimate the EDPF with parametric rate.

@ The Laguerre deconvolution method fails to recover the parametric
rate.

© The absence of a bias-variance compromise raises questions about how
to perform a model selection procedure.
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